One approach to the optimization of a thin-walled open section Z-beam
INTRODUCTION
Thin-walled beams find a wide application in construction and machinery industry. They are widely applied in many structures manufactured using thinwalled elements (shells, plates, thin-walled beams) which are subjected to complex loads. In most structures it is possible to find the elements in which, depending on loading cases and the way they are introduced, the effect of constrained torsion is present and its consequences are particularly evident in the case of thin-walled profiles. Thin-walled structures consist of a wide and growing field of engineering applications which seek efficiency in strength and cost by minimizing material. The result is a structure in which the stability of the components i.e. the "thin walls" is often the primary aspect of the behaviour and the design.
In the past, there were a large number of research studies on the behavior of thin-walled structures. The earliest development of the theory of thin-walled structures is associated with the beginning of the 20 th c. The most prominent contributors to the development of this theory were Timoshenko and Gere 1. Vlasov 2 contributed largely to the theory of thin-walled structures by developing the theory of thin-walled open section beams. Kollbruner and Hajdin 3 expanded the field of thin-walled structures by a range of works.
In recent years emerged many works devoted to the optimization of thin-walled cross-sections. Solving various optimization problems has been discussed in a number of works and monographs. First of all Gajewski and Życzkowski 4 provided a review of optimal designing of thin-walled structures, including shells and rods. Afterwards, Magnucki and Monczak 5 presented variational and parametrical optimization of open crosssection of a thin-walled beam subjected to bending.
Tian and Lu 6 optimized cold-formed open-channel sections with and without the lips subjected to compressive load.
Many studies have been conducted on optimization problems, treating the cases where geometric configurations of structures are specified and only the dimensions of structural members and the areas of their cross-sections are determined in order to attain the minimum structural weight or cost (Lewiński 7, Mijailović 8, 2010, Rong and Yi, 9).
Then, a series of works appear where the optimization problem of various cross-sections, such as triangular cross-section 10, I-section 11, 12) or Usection 13 are solved by using the Lagrange multiplier method.
The idea of this paper is to expand these works and to develop an approach to the optimization of a thinwalled Z cross-section beams.
SUBJECT OF RESEARCH
The starting points during the formulation of the basic mathematical model are the assumptions of the thinwalled-beam theory, on one side, and the basic assumptions of the optimum design, on the other.
The Z cross-section as very often used thin-walled profile in steel structures is considered in the present paper as the object of optimization. The determination of its optimal dimensions is a very important process but not always the simplest one. The aim of the paper is to determine the minimum mass of the whole beam, i.e. the minimum area A of the cross-section of the considered beam for the given loads and material properties (1) 
The formulation of the problem is restricted to the stress analysis of thin-walled beams with open sections.
The cross-section of the considered beam ( Fig. 1 ) with principal centroidal axes X i (i = 1, 2) has the center and not the axis of symmetry. It is assumed that its flanges have equal widths b 1 = b 3 , and thicknesses t 1 = t 3 , and that its web has the width b 2 and thickness t 2 . It is also assumed that the loads are applied in two longitudinal planes, parallel to the centroidal axes x and y (Fig. 1) at the distances ξ i b i (i = 1, 2). If applied in such a way, the loads will cause the bending moments acting in the above mentioned two planes parallel to the longitudinal axis of the beam, and as their consequence the effects of the constrained torsion will appear in the form of the bimoment causing the stresses that depend on the boundary conditions 3.
Formulation of the structural design optimization problem plays an important role in the numerical solution process. A particular choice of the objective function and constraints affect the final solution, and efficiency and robustness of the solution process.
In mathematics and computer science, an optimization problem is the problem of finding the best solution from all feasible solutions. The process of selecting the best solution from various possible solutions must be based on a prescribed criterion known as the objective function. The idea of an objective function, can be considered in general terms as a mathematical representation of how the variables that effect suitable alternatives can be evaluated and compared.
In the considered problem the cross-sectional area (2) will be treated as an objective function and it is obvious from the Fig. 1 
where t i and b i are thicknesses and widths of the flanges and the web 3.
The constraints treated in the paper are the stress constraints. The expressions (3) for equivalent bending moments 14 taking into account the influence of the bending moments around centroidal axes x and y, denoted as M x and M y respectively, will be used In the case when the bending moments are acting in the planes parallel to the longitudinal axis ( Fig. 1) at the distances ξ i b i (i=1, 2) the bimoment (4) as their consequence will appear and it can be expressed as the function of the bending moments and the eccentrities of their planes ξ i b i (i=1, 2) in the following way 3, 14
For the allowable stress  0 the constraint function can be written as
. (5) The maximal normal stresses, are defined in the form 3, 14 (6) where W x and W y are the section moduli for the longitidunal axes, and W  is the sectorial section modulus for the considered cross-section.
After the introduction of (6) into (5), the constraint function becomes
The constraint function (7) is reduced to: 
The expression (8) represents the constraint function corresponding to the given stress constraints.
SOLVING THE OPTIMIZATION PROBLEM

Analytic solution
One of the most common problems is that of finding maxima or minima (in general, "extrema") of a function. The Lagrange multiplier method 8, 11, 12, 13, 15 is a method for finding the extremum of the function of several variables when the solution must satisfy a set of Applying the Lagrange multiplier method to the vector which depends on two parameters b i (i=1, 2) the system of equations
will be obtained. After the introduction of the expression (4) for the bimoment into the equation (8), the equation (9) can be reduced to the equation of the sixth order (10) whose solutions give the optimal values of the ratio (11)
where : -
is the optimal ratio of the lengths of the web and of the flange of the considered cross-section, and the coefficients c k in (10) 
It is obvious that the coefficients c k depend on the ratio of the bending moments and on the eccentrities ξ 1 and ξ 2 of their planes. The results that follow were obtained by the analytical approach.
Particular cases
From the general case, when bending moments about both axes appear simultaneously with the bimoment, some particular cases can be considered, depending on the ratio M y /M x . The optimal ratios z = b 2 / b 1 defined by (11) and obtained from the equation (10) The highest and the lowest optimal values z = b 2 /b 1 for M y /M x = 0.1, 0.5, 1 are given in a shortened form in Table 4 . From Tables 1 -4 it is obvious that the quantity z is decreasing with the increase of eccentricities ξ 1 and ξ 2 , ratio   t 2 / t 1 and the load ratio.
The loading cases
The obtained results are used for the calculation that follows. Some particular cases can be considered, depending on the loading case. In the present section, the cantilever Z-beam is fixed at one end and subjected to the concentrated bending moments. The loading cases when the concentrated bending moments are applied at the free end for three positions of the load plane with respect to the shearing plane are considered: 
NUMERICAL EXAMPLE AND ANALYSIS OF RESULTS
As the numerical example, the considered cantilever beam of the length l=1500 mm, fixed at one end is subjected to the bending moments. The numerical example is first done for the Zsection with its initial dimensions of the flanges and of the webs corresponding to the standard profile Z10 (DIN 1027) b 1 = b 3 = 51.75 mm, b 2 = 92 mm, having thick flange t 1 = 8 mm and t 2 = 6.5 mm, with the ratio  = t 2 / t 1 = 0.8125 (Table 5 ). For the same initial dimensions of the lengths of flanges and webs, and the same ratio , an example is also done for the case of thin flange t 1 = 5 mm, t 2 = 4.1 mm ( Table 6) .
The model defined in such a way is considered as the "Initial model" having the "Initial area" of the crosssection. Starting from the initial relation z initial and for the initial wall thicknesses t 1 and t 2 , the optimal relation z optimal is calculated defining the "Optimal area" of the cross-section. The results are given in Tables 5 and 6 . Then the "Initial stresses" are calculated for the considered loading cases 1, 2 and 3 and for the defined geometry of the cross-section.
Minimum mass determination -results and discussion
The problem is considered in two ways: 1) Optimal model no. 1. The optimal dimensions of the cross-sections b 1optimal and b 2optimal are obtained by equalizing the "Initial" and the "Optimal area" (А initial =А optimal ) and by using the calculated optimal relation z. In that case, the normal stress, lower than the initial one, is obtained (σ optimal <σ initial ). It represents optimal model no. 1 (Tables 5 and 6) .
2) Optimal model no. 2. From the condition requiring that the stresses must be lower than the allowable one, i.e. the "Initial stress", the optimal values b 1optimal and b 2optimal are obtained using the calculated optimal relation z and comparing the stress defined by the optimal geometrical characteristics of the "Initial stress". It represents optimal model no. 2. Starting from the optimal cross-sectional dimensions (b 1optimal and b 2optimal ), the optimal -minimum cross-sectional area А min is calculated for each loading case and the results including the saved mass of the material are given in Tables 5 and 6 (presented at the end of the text).
From the Tables 5 and 6 it can be seen that for all loading cases the level of stresses is decreased in the Optimal model no.1 with the area of the cross-section having the same value as in the "Initial model", and the saved mass of material is increased with respect to the initial stress limits in the Optimal model no.2, where the area is smaller than the initial one. The calculation showed that the maximum saved material is obtained in the Loading case 1 and the minimum in the Loading case 3. This allows the conclusion that if the distance of the loading plane from the shearing plane is increased the optimization of the cross-section is less necessary to be done.
It is also interesting to notice the differences in the obtained results for the cases of thick (Table 5) and thin (Table 6 ) cross-section walls. It may be concluded that in the case of the thin walled cross-section normal stresses are a little bit higher but the saved mass is even much higher.
The results obtained by computation are verified by an example using finite element analysis (COSMOS program). The bracket is modeled by tetrahedron volumetric finite elements and the results were obtained for the stresses at nodes of elements in the clamped end. For the data shown in Table 5 , loading case 3b, it is shown that the results obtained by computation and finite element coincide (Fig.2) . 
CONCLUSION
The paper presents one approach to the optimization of the thin-walled Z -section beams, loaded in a complex way, using the Lagrange multiplier method.
Accepting the cross-sectional area as the objective function and the stress constraints as the constrained functions, it is possible to calculate the optimal ratios of the webs and of the flanges of the considered thinwalled profiles in a very simple way.
In addition to the general case, some particular loading cases are considered. As the result of the calculation the modified constrained functions are derived as the polynomials of the sixth order. Attention is particularly directed to the calculation of the saved mass using the proposed analytical approach. It is also possible to calculate the saved mass of the used material for different loading cases.
The aim of the paper was the optimization of thinwalled elements subjected to the complex loads, and it may be concluded that the paper gives the general results permitting the derivation of the expressions that are recommendable for technical applications. 
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